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Abstract. We review various aspects of integrable hierarchies appearing in N = 2 
supersymmetric gauge theories. In particular, we show that the blowup function in 
Donaldson-Witten theory, up to a redefinition of the fast times, is a r-function for a 
(/-gap solution of the KdV hierarchy. In the case of four-manifolds of simple type, instead, 
the blowup function becomes a r-function corresponding to a multisoliton solution. We 
obtain a new expression for the contact terms that links these results to the Whitham 
hierarchy formulation of Seiberg-Witten theories. 



1. Introduction 

The Seiberg-Witten ansatz for the low-energy effective action of N = 2 
super Yang-Mills theories |fl, |2| stands out as the only exact solution that is 
known at present in four-dimensional Quantum Field Theory. The quantum 
moduli space of vacua of the theory M is identified with the moduli space 
of an auxiliary hyperelliptic complex curve E, in such a way that there is a 
selected meromorphic differential dS -that induces a special geometry on 
whose periods give the spectrum of BPS states. Interestingly enough, 
this solution has been shown to display remarkable nonperturbative phe- 
nomena such as quark confinement by monopole condensation, when a mass 
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term that breaks supersymmetry down to J\f = 1 is included. In the sake 
of definiteness and clarity, we will restrict our discussion to the case of 
N = 2 supersymmetric theories with gauge group SU(N) and without 
matter content |4j, though many of the results reviewed here can be 
appropriately generalized in different directions. 

It was presently realized that the Seiberg-Witten solution could be 
reformulated, in an elegant and useful way, in terms of classical finite- 
gap integrable systems, dS being a solution of their averaged (Whitham) 
dynamics [g]. The spectral curve of the integrable system T is identified 
with the auxiliary hyperelliptic curve E, and the effective prepotential of 
the supersymmetric gauge theory T{a l , A) turns out to be given by the 
logarithm of the quasiclassical T-function. In the case of pure gauge the- 
ory, for example, the corresponding integrable system is the periodic Toda 
chain ((| M. The quassiclasical Whitham hierarchy associated to adiabatic 
deformations of the integrable system naturally endowes moduli which, 
instead of being local invariants, evolve with respect to the slow times T n 
HJ. The upshot of this formalism is a prepotential also depending on these 
new variables, J : {a l ,T n ) |], pLQl . This prepotential is a deformation of the 
former in the sense that, roughly speaking, if we put T\ = A and T n> \ = 0, 
the Seiberg-Witten prepotential is recovered. 

The Whitham dynamics can be thought of as a sort of generalization 
of the Renormalization Group flow [11]. Aside from its intrinsic formal 
interest, it governs a relevant family of deformations of the Seiberg-Witten 
solution. In fact, it turns out that the slow times are dual to homogeneous 
combinations of higher Casimir operators, this revealing that they are the 
appropriate variables to be promoted to spurion superfields if one is in- 
terested in softly broken N = 2 supersymmetry by means of higher than 
quadratic N = perturbations [12|. The lowest slow time can be identified 
with the quantum dynamical scale A of the supersymmetric gauge theory, 
and its uses as a spurion has been extensively studied in [13, 14]. Moreover, 
this formalism is also very fruitful when restricted to the original Seiberg- 
Witten variables; new equations arise that provide a powerful technique 
allowing to compute interesting quantities in the infrared such as instanton 
corrections up to arbitrary order [^, 15], and the strength of the coupling 
among different magnetic photons at the monopole singularities fllf . The 
Whitham hierarchy, and the details of its connection to four-dimensional 
N = 2 supersymmetric gauge theories, have been already the focus of many 



comprehensive reviews [|T7|, [lg, I3 ^Cj] and books plj, |22|] . 

There is another context, definitely less explored, where four-dimensio- 
nal J\f = 2 supersymmetric theories get involved with integrability. It is 
the case of topological field theories built out of twisted versions of M = 2 
supersymmetric gauge theories p3| . Soon after the appearance of Ref.jl], Q, 
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Figure 1. Schematic picture of the different connections between four- dimensional 
N — 2 supersymmetric gauge theories and integrable hierarchies. 



it was realized that the Seiberg-Witten solution may be used to compute 
Donaldson invariants of a four-manifold X by counting solutions of Abelian 
monopole equations [24]. Furthermore, for manifolds with b% (X) = 1, a 
nontrivial contribution comes from each point of the Coulomb branch so 
that the path integral used as a generating function for Donaldson invari- 
ants acquires the form of a sort of integral over Ai (the so-called u-plane 
integral (25|, j2(|). The Whitham hierarchy formalism has been shown to 
provide an adequate conceptual framework to study several aspects of the 
behavior of the u-plane integral under blowup of a point p 6 X. The contact 
terms corresponding to pairs of observables, for example, can be written 
as derivatives of the prepotential with respect to T n variables [27, 28, 29|. 
On the other hand, these terms can be derived from the blowup function 
|3C| , |3l| , which is nothing but a factor appearing in the so-called blowup 
formula |3^, ^] that relates the path integral in X with the one performed 
in the blownup manifold X. Furthermore, the blowup formula itself involves 
in a rather direct way the underlying integrable structure of the low-energy 
effective theory. 

In previous remarks we have discussed a connection between integra- 
bility and four-dimensional supersymmetric gauge theories that heavily 
relies in the identification of the relevant geometrical data, and the uses of 
Whitham theory to study adiabatic deformations thereof. A rough pattern 
of these interrelations is given in Fig.|l]. In all known cases -that is, for 
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any gauge group and matter content-, the relevant integrable system has 
a finite number of degrees of freedom. There is, however, a different way 
in which integrability enters into the game of twisted N = 2 supersym- 
metric gauge theories. It emerges from a detailed analysis of the blowup 
formula under the light of the theory of hyperelliptic Kleinian functions. 
The main consequence of such investigation is that the blowup function 
in Donaldson-Witten theory, up to a redefinition of the fast times, is a 
r-function for a <?-gap solution of the KdV hierarchy pi]] . For manifolds 
of the so-called simple type, the blowup function becomes the r-function 
of a multisoliton solution of the hierarchy. As a corollary, the correlation 
functions involving the exceptional divisor on the blownup manifold are 
governed by the KdV hierarchy, this giving an intriguing connection with 
two-dimensional topological gravity |5fJ. The uses of the theory of hyper- 
elliptic Kleinian functions also provides powerful techniques that further 
enhance our knowledge of contact terms and blowup functions. It is our 
purpose in this talk to present a short survey comprising these latest results. 



2. Brief overview of Donaldson-Witten theory 



Let X be a smooth, compact, oriented (for simplicity, we also assume that 
it is simply connected) four-manifold with Riemannian metric g, and let 
E — > X be an SU (2) bundle. The degree s Donaldson polynomial, defined 
on the homology of X with rational coefficients, is given by 



V E [p,S)= <tS n p t , (2.1) 

2ra+4t=s 

where p G Hq(X,Q), S E H2(X,Q), and s is the dimension of the moduli 
space of instantons on E. The numbers d n t are precisely given in terms of 
intersection theory on this moduli space [p^| . 

It is useful to organize these polynomials within a generating function, 
by summing over all topological types of the bundle E with fixed second 
Stiefel- Whitney class, W2(E), 

on Jt 

<£ X (P,S)= £ d n , t — P -. (2.2) 

. „ II. b. 

n,t>0 

The remarkable result obtained a decade ago by Witten [23] is that &x(p, S) 
is the generating function for the correlators of observables in a twisted 
version of J\f = 2 super Yang-Mills theory, 

$ x (p, S) = Z x (p, S) = ( exp[|Tr^ 2 + i J Tr(0F) + ■■■]) x ■ (2.3) 
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Here, (ft is the scalar field that belongs to the N = 2 vector multiplet and 
F is the Yang-Mills field strength. If b 2 (X) > 1, $>x is independent of g, 
thus defining topological invariants of the four-manifold X. 

For gauge group SU(N), there is a family of N — 1 fundamental observ- 
ables (that is, local BRST- invariant operators), Ok, 

O k = ±-Tr<f + ■■■ , (2.4) 

-whose vacuum expectation values, Uk = {Ok), are gauge invariant co- 
ordinates in M classifying the various vacua of the theory-, as well as 
b 2 (X)(N — 1) topological descendants thereof, Ik(Si), 

Ik(S. i ) = \J s ^ k - l F) + --- , (2.5) 

where the dots stand for lower powers of (j> in ( |2,4| ), and superpartner 
contributions in Q2,5| ). So, the basic problem in Donaldson- Witten theory 
is to compute the generating function 

N b 2 (X) 

Z X (Pk,Si) = (exp[J2(PkO k + £ fkMSi))]) x • (2-6) 

k=2 i=l 

Being metric independent, one can consider a uniparametric family of met- 
rics gt = t 2 go, with fixed go, an d focus on the limiting cases t — ► and 
t — > oo. In the former case, the topological quantum field theory is in 
the ultraviolet, and thus weakly coupled, so perturbation theory is reli- 
able. Conversely, when t — > oo the correlation functions result from the 
infrared behavior of the theory, picking up contributions from every point 
in the moduli space of vacua. This amounts to an integral over the u-plane 

m, nip. 

For simple type four-manifolds, the only non- vanishing contributions 
to this integral come from the maximal singularities of M. The infrared 
dynamics at those points is that of a weakly coupled theory of Abelian 
gauge fields and monopoles [Q, |2[ [3^]. Hence, roughly speaking, Donald- 
son invariants can be computed in such cases just by counting monopole 
solutions [24]. 



The u-plane integral is performed by means of the Seiberg- Witten so- 
lution . For each descent observable of the microscopic theory, 
Ik(Si), there is a corresponding low energy operator Ik(Si). However, it is 
not generically true that the product of two or more of these operators map 
to the analog product in the infrared description. Contact terms appear 



whenever any pair of the supporting two-cycles intersect (3^, 25], 



hiSiWSj) — » USiWSj) + Tk^Si n S,) . (2.7) 
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These terms are not deducible from the Seiberg-Witten solution. Their 
explicit form can be derived from the so-called blowup function 
requiring both their duality invariance and semiclassical vanishment 

r t ,, = -^ ST<J io g e l A,o 1( o| T )^0, (2.8) 

where A = (1/2, . . . , 1/2). We will analyze in what follows the case of 
four-manifolds with b£ (X) = 1. 

Consider now the four- manifold X, obtained from X by blowing up a 
point p, X = Blp(X). This means that there is a map it : X — > X that is 
the identity everywhere except at B = vr _1 (p), where B E H2(X) such that 
B 2 = — 1. B is called the class of the exceptional divisor. The homology of 
the blownup manifold is the direct sum H2(X) = H2{X) ® Z • B. Thus, 
the twisted theory in X has additional descent observables Ik{B) that must 
be included in the generating function. It is also possible to have a non- 
Abelian magnetic flux j3 through B of the form f3 l = (C _1 ) nP , where the 
rj are arbitrary integers, and (C -1 )^- is the inverse of the Cartan matrix 



27 ] . The generating function of the twisted theory in the blownup manifold 
then reads 

, N b 2 (X) 

Z jt /p k ,Si,B) = (expQ2(jPkOk + t k Ik(B)+ ]T ■ (2.9) 

^ k=2 i=l ' X <P 

The Donaldson invariants of X are related to those of X, at least in the 
case in which the exceptional divisor has a small area. This is described by 
the so-called blowup formula [32, |3^]. It is reflected in the u-plane integral, 
through the following relation between both generating functions: 

, N b 2 (X) 
Z^p^Si) = (exp[^(p fc O fc + ]T f k ,M S i))} T0{t k pk)) ^ , (2-10) 

fc=2 i=l 



X 



where r^(ifc|0fc) is the above mentioned blowup function. From the point 
of view of the original manifold, it should be a punctual defect. Thus, it is 
natural to expect it to be an infinite series of local operators [pTj] , 

7-^*10*)= t H B H /0 2 ,...,0 N ) , (2.11) 



where n = {n 2 , ■ ■ ■ , n^), t n = 2 • • • tpf , and the n-th order term comes 
from those n with \n\ = J2i n i = n - By means of the it-plane integral, the 
blowup function can be written as |26|, ^7]] 

(tiK) = e -E M ^^4(lk) t (2 . 12) 

/3V ' ' 9[A,0](0|r) V ' 
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where 



N 

^2^~dJ 

k=2 



(2.13) 



We shall consider in this talk the case in which there is no non-Abelian 
magnetic flux through the exceptional divisor, j3 = 0. In such a case, the 



quadratic contribution to the blowup function vanishes [29] 



B n5 (0 2 ,...,0 N ) = , for|n|=2 



(2.14) 



In SU(2), for example, the blowup function is nothing but an elliptic 
<T-function [32|. For higher rank theories, the answer should be some hy- 
perelliptic generalization of the <7-function, as far as the blowup function is 
defined as a quotient of ©-functions with a prefactor that renders it to be 
duality invariant; precisely the same features that characterize a cr-function. 



3. Geometrical detour: Kleinian functions 



The theory of hyperelliptic Kleinian functions was developed one century 
ago by Baker |4Cj, ^lj p5j and Bolza [||, |||, pi ||], among others. A 
comprehensive modern survey is presented in Ref.[47]. We shall introduce in 
this section some of the algebro-geometric ingredients that will be relevant 
in the remainder of the talk. Let E be a hyperelliptic curve of genus g, 
which we write in the even form, 



29+2 

f(x) = V = Q{x)R{x) . 

i=0 



(3.15) 



The last expression above provides a factorization of f(x) in two polynomi- 
als of degree g + 1. We will eventually be interested in the Seiberg-Witten 
setup, where 



Qsw{x) = Pn{x) - 2 A 



Pn(x) 



N 



.,N 



Rsw(x) = P N (x) + 2A N , (3.16a) 

N 

E u k x N ~ k . 

k=2 



(3.16b) 



Consider a symplectic basis of homology cycles, A 1 , B{ G Hi(T,, ZZ), and a 



canonical basis of Abelian differentials of the first kind, dvu 
whose periods are 



2m j A i 



g-k 



Bik = — f dv k . 
2m JBi 



dx/y, 



(3.17) 



It is well known that even and non-singular half-integer characteristics, 
[a, j3] , are in one to one correspondence with the different factorizations of 
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f(x) as a product of Q{x) and R{x). In particular, for the Seiberg-Witten 
setup, it is precisely [A, 0], the characteristic appearing in the blowup func- 
tion when there is no non-Abelian magnetic flux through B. Now, in order 
to construct hyperelliptic cr-functions, it is also necessary to introduce a 
canonical basis of Abelian differentials of the second kind. This can be done 
by means of a Weierstrass polynomial, a function of two variables F[x\, X2) 
which is at most of degree g+1 both in x\ and x 2 , and satisfies the following 
conditions: 

F( X1 , x 2 ) = F{x 2 ,x l ) , F( Xl , Xl ) = 2f( Xl ) , (3.18a) 



Indeed, the following identity [47] 

\ f3~*( \ 9 f y 2 \dx! F( Xl ,x 2 ) dx x dx 2 

dvixi) ■ dr(x 2 ) = — I — dx 2 + — ^ , (3.19) 

: Vj?! - x 2 ' 2yx 4(xi-x 2 yyi y 2 



dx 



2 

implicitely defines such a basis, dr k (x 2 ). An example of a Weierstrass 
polynomial that uses the factorization of the curve given above is 

F(xi,xz) = Q{x x )R{x 2 ) + Q{x 2 )R{ Xl ) . (3.20) 

The corresponding basis of Abelian differentials of the second kind, in the 
Seiberg-Witten setup, reads 

dr* = l -P>(x)P N (x)— , j = l,...,iV-l . (3.21) 
2 J y 

Two different Weierstrass polynomials are always seen to be related by 

9 

F(x u x 2 ) - F( Xl ,x 2 ) = 4(xi - x 2 f J2 d ij X V A~ 3 , (3-22) 

i,j=i 

where dij is symmetric in Correspondingly, the relation between the 
two basis is 

g 

dr j = dr j + d jkdv k . (3.23) 
k=l 

Given a basis of Abelian differentials of the second kind, one can define the 
analog of elliptic ry-periods through 

V ki = ~i dr k , ri\ =~<f dr k . (3.24) 
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Thus, the hyperelliptic cr-function with even and non-singular characteristic 
can be defined as E3, M 03, M 



a^e[dJ}((27ri)- l Vl (A- 



T 



@[a,/3](0\T) 

where the (-F-dependent) matrix k is given by 

K a = ^{A- 1 ) l j . (3.26) 

For fixed characteristic, cr-functions corresponding to different Weierstrass 
polynomials are related by 

a F [a, 0} (v) = exp U £ d ijVi v)j a F [a, 0} (v) . (3.27) 

Notice that all the ingredients defined so far enter in Eq.(3.25). As men- 
tioned above, the a-function is duality invariant; that is, invariant under the 
action of the modular group Sp(2g, Z). The exponential factor in ( 3.25| ) is 
choosen in such a way that it cancels the duality transformation properties 
of the quotient of 0-functions. 

The hyperelliptic Kleinian functions are nothing but derivatives of the 
<7-function: 

-f. , „ d In a F la, 8] (v) 
Cf [a, 8] (v) = ^ ' , (3.28a) 

p.^ d 2 In a F la, 6} (v) 
P^Mv) = ^kf ^ (3.28b) 

further indices denoting higher derivatives with respect to Vk- These func- 
tions satisfy differential equations that generalize Weierstrass' cubic rela- 
tion ^?J. Furthermore, Kleinian functions that differ in their generating 
Weierstrass polynomial are related by 

p F (v) = p F (v)-d ij , (3.29) 



regardless of the characteristic. It was already shown by Bolza [46| that 

F(xi,x 2 ) - Q{xi)R(x2) - Q(x 2 )R(xi) 



j2pf^,p}(o)xrx 



9-^^,9-3 
2 



i -J 



4(xi - X2) 2 



where F is an arbitrary Weierstrass polynomial, and [a, B\ is the character- 
istic associated to the factorization y 2 = Q(x)R(x). Thus, it is evident that 
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pfj[a, /3](0) vanishes for the Weierstrass polynomial ( |3,20 ). This is precisely 



the quadratic contribution to the cr-function. Consequently, as an outcome 
of this approach, we can fully characterize the blowup function of SU(N) 
twisted M = 2 super Yang-Mills theories @ : 

t> The blowup function of SU(N) Donaldson- Witten theory, in the absence 
of magnetic flux, is a hyperelliptic c-function with Weierstrass polynomial 
F(xi,x 2 ) = 2(P N (xi)P N (x 2 ) -4A 27V ) and characteristic (A,0), 

r{t k \uj) = a F [A,0](it k+1 ) . (3.30) 

after identification of the Jacobian coordinates v k with the times it^+i (the 
reasons behind the latter name will be clear shortly). 

An immediate corollary of this result is the following: 

> The contact terms Tk+ij+i are given by 

Wi = ^ = -jj^/ A1 *M^M7, ("I) 



where k is the matrix introduced in (3.26), and we have used the explicit 
expression for dr k given in ( |3.21 ). 



In the remaining sections we will extract interesting consequences from 
these formulas. We will show, in particular, that this expression for the 
contact terms turns out to be very useful when considering the case of 
manifolds of simple type, where the only nonvanishing contributions to 
the w-plane integral come from those points of M with maximal number 
of mutually local massless monopoles. The coincidence of ( |3.3l| ) with the 



standard result ( |2.8[) , can be shown by means of the Whitham equations 
(the Renormalization Group equations in the formalism of Ref.Jll|) that 
express the derivatives of the moduli with respect to T n -closely related to 
the contact terms-, in terms of A-periods of a different basis of Abelian 



differentials of the second kind 1 34 ] 



4. The blowup function and the KdV hierarchy 

In order to show our main result, i.e. that the blowup function satisfies 
the differential equations of the KdV hierarchy, we shall first analyze the 
effect of special linear transformations on it. To this end, it is extremely 
useful to introduce a tricky symbolic notation -widely used by Baker in the 
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nineteenth century (4^, [II], |4^]- for the geometrical data of the Seiberg- 
Witten solution. The hyperelliptic curve S can be written as 

y 2 = (a 1 + a 2 x) 29+2 , (4.32) 

where, of course, a\ and a 2 are not complex numbers. The only meaningful 
object is the combination thereof 

Ap= ^ + 2 ^%+2-p^ ) (433) 

that renders ( f4.32j ) equal to ( |3.15| ). This notation allows us to introduce a 
quite interesting Weierstrass polynomial, the so-called (g + l)-polar of the 
hyperelliptic curve, 

F(x u x 2 ) = 2(qi + a 2 xi) 9+l {a 1 + a 2 x 2 ) 9+1 

9+1 

= 2 E y 2? V, , (4-34) 

p,q=l \p+q' 

which is covariant with respect to an Sl(2,iR) transformation of the x- 
coordinates. Indeed, 

F(xx,x 2 ) = (c + dt 1 )- 9 - 1 {c + dt 2 )- 9 ~ 1 F(t 1 ,t 2 ) , (4.35) 

under x = (a + bt)/(c + dt), be — ad = 1. The hyperelliptic curve, in turn, 
becomes 

23+2 

Y 2 = ((3 1+ (3 2 t) 29+2 = 52 %P, (4.36) 

i=0 

where Y = (c + dt) 9+1 y, 0i = ca\ + aa 2 , j3 2 = da\ + ba 2 . It is clear 
that, by these means, one can always drive the hyperelliptic curve into its 
canonical form, X 2g+2 = (3 2 9+2 = 0, ^2g+i = Pif3 2 9+1 = 4. The Abelian 
differentials of the first kind transform linearly, 

x g-idx = u y-if c + dtf- 1 ^ => dviix) = A™dv m (t) , (4.37) 

y Y 

where A™ is an invertible matrix. Their periods get modified accordingly, 
A) = A l m A™, Bij = B im A™ so that 

nj = %j . (4.38) 

Now, taking into account the covariance of F, the transformation properties 
of the 77-periods can be extracted -even without knowing the corresponding 
basis of Abelian differentials of the second kind-, 



rP=Krf 3 ■ (4-39) 
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Thus, a linear transformation of the times 

vt = (A-^r^m , (4.40) 

yields 

<T F [d,(3](vi)( Xjy )=o^[a,f3](vi)(t y Y) , (4.41) 

where F denotes here the polar associated to the corresponding curves. Af- 
ter substituting v\ = AJ^dm, a F [d,/3](vi)r xy \ satisfies the same differential 

equations than cr F [d, 0\(vi)(t Y) with respect to the hatted times. 

There is a third Weierstrass polynomial that plays an important role in 
our proof. Let us call it F. It was introduced by Baker |4C] a long time ago 
and revisited recently in Ref . p7| . It reads: 

9 

F(x u x 2 ) = 2X 2g+2 x{ +1 x 9 2 +2 + ]T x[x l 2 (2X 2i + X 2i +i{x 1 + x 2 )) , (4.42) 
and the corresponding basis of Abelian differentials of the second kind is 
dr i= J2 (k + j - g) X k - j+g+ 2 ■ (4.43) 

k=g+l-j y 

As already mentioned above, hyperelliptic Kleinian functions satisfy differ- 
ential equations which generalize those of the elliptic case like, for example, 
Weierstrass' relation (p'(u)) 2 = 4p(-u) 3 — g 2 p{u) — 53. They were first 
studied by Baker in the case of genus two |42]], and a generalization of his 
construction has been recently worked out ||47|. The relevant differential 

equations are rather implicit. For the derivatives of pfi one can, however, 
write an explicit equation for arbitrary genus: 

Pim = ( 6 Pn + x 2 9 )Pu + -X 2g+1 (6p F +1 1 - 2pf 2 + -<5ilA2g-l) 



+ ^X 2g+2 (6pf +2A - 6p( +lj2 + 2pf 3 - 5aX 2g - 2 - -S i2 X 2g - 3 ) . (4.44) 



This equation, being of second order, is independent of the characteristic. It 
only shows up in the choice of initial conditions. A change in the Weierstrass 
polynomial amounts, after ( |3.29| ), to a ^-independent shift. Let us now drive 
the curve to its canonical form by means of an Sl(2, M) transformation. The 
equation above becomes 

Pim = ( 6 Pn + ^2g)Pu + 6Pi+i,i ~ 2p 2i + 2^1^25-1 , (4.45) 



arw-uic.tex; 7/02/2008; 12:17; p. 12 



13 



where F is the polar associated to the canonical curve. It is now easy to 
show that eq.( [4.45D implies that the hyperelliptic Kleinian functions satisfy 
the equations of the KdV hierarchy [Q. Indeed, take U = 2pn + \\2g1 put 
x = v\, and let t{ = Vi be the higher evolution times, so that 

wr (4 - 46) 

where ' denotes derivatives with respect to x. This is precisely the KdV 
equation. In fact, U is a g-gap solution of the KdV hierarchy. To see this, 
recall that the higher evolution equations of the hierarchy are (for a review, 
see Appendix A of Ref . ]4g|] ) , 

^±=R> i (U,U' r --) , i>3, (4.47) 
where the functions in the right hand side are defined recursively, 

= \R'l' ~{U+ K " . (4.48) 



The blowup function ( |3.30|) can be finally written as 

r(v m = Ajv^Oi) = ^ V[A, 6)(ff,)(t,y) , (4.49) 

where A is the appropriate transformation yielding the hyperelliptic curve 
canonical, and the Cjj are constants depending on the parameters of the 
Sl(2, M) transformation and the moduli of the curve, that can be computed 
explicitly by comparison of cr-functions defined for different Weierstrass 
polynomials. We have thus arrived to the following result: 

<9 2 loe: r 1 ~ 

U = -2-^- + 4c 11 + -\ 2g , (4.50) 

is a g-gap solution of the KdV hierarchy. In other words, the blowup func- 
tion is -up to a redefinition of the evolution times and a constant shift-, a 
r-function of the KdV hierarchy. 

The blowup function appears in the generating function of the correla- 
tors involving the exceptional divisor. Thus, a corollary of the above result is 
that these correlation functions on the manifold X are governed by the KdV 
hierarchy, and they have as initial conditions the generating function of the 
original manifold X. It is intriguing that the differential equations turn out 
to be essentially the same than those governing the correlation functions 



of two-dimensional topological gravity [35], though the blowup function 



-being a g-gap solution- lies far appart of these correlation functions in 
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the space of solutions of the KdV hierarchy. Finally, it is now clear that 
the differential equation originally used in the elliptic case [Q, can be 
understood, under the light of these results, as the reduction of the KdV 
equation. 



5. The blowup function for manifolds of simple type 

We have already mentioned that the whole nontrivial contribution to the 
u-plane integral for manifolds of simple type comes from N maximal sin- 
gularities of M. These singularities, where N — 1 mutually local monopoles 
get massless, are also known as N = 1 points because they are the confining 
vacua after breaking J\f = 2 down to J\f = 1. The curve S can be described 
in the vicinity of one of these points by Chebyshev polynomials (we set 
A = 1)11 

x 

Pn{x) = 2cos(iVarccos — ) , (5.51) 

and the other M = 1 points are obtained from the former by means of the 
Zjfq symmetry of the theory. From now on we will focus on this M = 1 point. 
There, the branch points of the curve become (single) e\ = —e2 g +2 = 2, 
and (double) e2k = ^2k+i = 4>k = 2cos^, 6^ = (irk/N). The values of 
the Casimirs are given by the elementary symmetric polynomials of the 
eigenvalues 2cos6*j, 6i = tt(i — l/2)/N. For example, «2 = N, M3 = 0, 
«4 = -y(3 — N), etc. The -B-cycles surround the points <fii clockwise, while 
the ^4-cycles become curves going from 0j to 2 on the upper sheet and 
returning to fa on the lower sheet. The hyperelliptic curve becomes 

9 

y = Vx 2 -A H(x-fa) . (5.52) 

k=l 

Consider now the normalized magnetic holomorphic differentials, 

^ = (B-^dv k = - *^ n9 i , (5.53) 
Vi — 4 [x — (pj) 

that is, the canonical basis of Abelian differentials of the first kind with 
respect to the -B-cycles, 

— !— I uji = —res -t lJ = 5i . (5.54) 
2mJ Bi x= ^ 

We can explicitely compute the derivatives of the moduli with respect to 
the dual coordinates, 

|^±i- = 2i(-l)^sin# m E^Sp^m) , (5-55) 

OClD,m 
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where £0 = 1, and Ej = J2i 1 <---<i j x h ' ' ' x ij are the elementary symmetric 
polynomials of degree j. Near the jV = 1 points, the diagonal components 
of the magnetic couplings diverge, but the off-diagonal components are 
finite. The leading terms of the off-diagonal components have been inves- 
tigated in Ref . p8|] , where an implicit expression for them was proposed in 
terms of an integral involving a scaling trajectory. In the framework of the 
Whitham hierarchy approach to four-dimensional J\f = 2 supersymmetric 
gauge theories, some nontrivial constraints arise on those terms, and an 
explicit expression satisfying the constraints was proposed 16]. We will 



now derive a very simple expression for the leading terms of the off-diagonal 
couplings. Prom the above considerations, it follows that 

r k J = ^pJ = -lo g ^, k<i, (5.56) 

VTi J fa TTl j£ + 7fc 



where 



7j 



tan^-. (5.57) 



This expression agrees with that conjectured in Ref. 1 16], as it was proved 
very recently by Braden and Marshakov psR . 

In order to compute the contribution of the M = 1 points to the blowup 
function of simple type manifolds, we must first perform a duality trans- 
formation to the magnetic coordinates. Being duality invariant, the blowup 
function remains the same, except for the fact that everything has to be 
replaced by its dual. In particular, the characteristic dual to [A, 0] is [0, A]. 
In order to compute the contact terms, it is extremely useful to use the 



expression we derived before, say ( |3.31 ), adapted to the dual frame. We just 



have to compute the -B-periods of the Abelian differentials of the second 



kind ( 3.21 ) at the jV = 1 point. After the change of variables x = 2 cos (9, 

dr e = iPfte) cot NO sin 9 d6 , (5.58) 
and their .B-periods simply read 

V £ k = *es 6= e k dri = J^ P K$k) sin 8 k . (5.59) 
The contact terms are then given by 

Tk,i = -^Pfc_i(0 m )sinfl m dU£ . (5.60) 
2N daD,m 

We can now write the resulting expression for the blowup function. Notice 
first that the dual ©-function vanishes at the J\f = 1 point. However, after 
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quotienting by 0[O, A](0|t£>), we get a finite result. At the end of the day, 
the blowup function corresponding to simple type manifolds is given by 



Iq - r y P \ s P s J 2 



En (lq - lp\ s P s i/ 2 fv^ isjti dui 
s ,=±lp«z ip 1=2 z oaD > 



} , (5-61) 



with 7fc £ given above. It is, after a linear transformation of the times, a r 
function for an (N — l)-soliton solution of the underlying KdV hierarchy 
34]. This is a simple consequence of the fact that quasi-periodic solutions of 
the KdV hierarchy become multisoliton solutions in the limit of maximal 
degeneracy of the underlying Riemann surface |3(]] (see also Ref.[49| for 
recent progress in this direction). Let us finally point out that, regardless 
of its apparently involved expression, the blowup function for simple type 
manifolds turns out to be, on general grounds, simplified. For example, in 
the case of SU{3), eq.fljTgjD reads 



T SU(3)(t2,h) 



-*i{cosh(\/3t 2 ) + 2cosh(V3t 3 )} . (5.62) 



This fact was already observed in the elliptic case [32], and has to do with 
the degeneration of hyperelliptic functions into trigonometric ones. 

An important consistency check of our expression for the blowup func- 
tion can be made by considering the explicit expression of the Donaldson- 
Witten generating function for manifolds of simple type 27], which can be 
trivially extended to include more general descent operators [34|: 



JV-l 



z( Pk ,h,s)j[=i= ^x;(n^i))n( 2 v^^ (w)/a 



x j 3=1 



N 
k=2 



y k -^-(S,xj)) + S 2 J2fkfiTk,i} , (5.63) 



fcj 



where the values of the -B-periods and contact terms are those given in 
( |5.55D and (|5.60|) , and a and f3 are universal constants that only depend 
on N. Only the contribution of one of the J\f = 1 points is recorded in the 
equation above, those of the other points following from /Z ^ symmetry. For 
each i= 1, ■ ■ ■ , N — 1, the sum over X{ is over all the Seiberg-Witten basic 



classes of the manifold X [ 24 ] , whose Seiberg-Witten invariants are denoted 
by SW(xj). ( , ) denotes the product in (co)homology. After a blowup, 
every basic class x of X leads to basic classes x ± B in X , where latter x 
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really denotes the pullback to X of the basic class of X. The Seiberg-Witten 
invarians are SW(x ± B) = SW(x). If we now consider Z(pk, fk, S)-^ =1 , 
we will have to substitute X{ — > X{ + SiB in ( |5,63| ), with Sj = ±1. The sum 
over basic classes of X factorizes into a sum over the xt and a sum over the 
Si. Taking into account that (x,B) = for any cohomology class x pulled 
back from X to X, and that B 2 = —1, eq.(5.63) gets an extra factor under 
blowup that agrees with ( |5.61 ) p4|] . This is a crucial nontrivial consistency 
check of the whole set of results presented in this talk, since, when using 
( [5.63 ), we have to rely on properties of the Seiberg-Witten invariants, while 
the blowup function ( 5.6l|) was derived by means of the it-plane integral. 



6. Final remarks 



An important aspect of blowup functions |^, 27] is that they must 
admit an expansion of the form ( |2.11|) , whose coefficients are polynomials 
in the local observables of the topological field theory. In the case of SU(2), 
this is rather explicit from the theory of elliptic functions. As recently shown 
in Ref.[34|, it turns out that an elegant and powerful recursive method 
to perform this expansion in the case of SU(N) -up to arbitrary order 
in the times-, follows from the theory of hyperelliptic Kleinian functions 
42, 44, ^6|. For example, in the case of SU(3), the outcoming result is 
|34] 



TSU(3)(ti\ui) = 

157X2^2^3 



A> r 

12 



u 2 4 + 6t|t| 



12u 2 u 3 t 2 t 3 - u\t\ + 3ugi 



A^ 
360 

,2 + 6 



3t| 



4 

15u 2 t 2 t 3 



12A 6 ^ 



+ 



60u 3 44 
(6.64) 



A further consistency check comes from duality invariance of the blowup 
function: this expansion coincides with ( 5.62|) when u 2 = 3 and U3 = 0. 

The theory of hyperelliptic Kleinian functions has shown to be an ap- 
propriate framework to address many aspects of the blowup formulas and 
the it-plane integral, like contact terms and the relation with integrable 
hierarchies. It would be very interesting to work out the details for theories 
including massive hypermultiplets and/or other gauge groups. In massive 
theories, for example, whose Whitham formulation was worked out in [51|, 
the magnetic flux through the class of the exceptional divisor turns out to 
be fixed by topological constraints, this giving a nonzero value of (3 in the 



blowup function [25 



Another direction to explore is the relation between the hyperelliptic 
Kleinian functions and the theory of the prepotential. The blowup function 
gives a natural set of Abelian differentials of the second kind -which differs 
from the one given in [11]-, and we know from general principles that such 
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a set is one of the basic ingredients in the construction of a Whitham 
hierarchy ||. It would be very interesting to develop this relation in gen- 
eral, at least for hierarchies associated to hyper elliptic curves. This would 
further clarify the relations between blowup functions in generalizations of 
Donaldson- Witten theory, and the construction of Whitham hierarchies for 
supersymmetric N = 2 theories. 
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